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A statistical mechanical perturbation theory, that is derived from our earlier work, is applied to in- 
vestigate the influence of short-range orientational correlation on the thermodynamic properties of 
nematic liquid crystals. Two-particle orientational distribution function is used in order to account for 
the short-range orientational order. Numerical calculations are reported for a model system interacting 
via a pair potential having both repulsive and attractive parts. The repulsive interaction is represented 
by that between hard ellipsoids of revolution and is short-range rapidly varying potential. Dispersion 
forces give rise to the attractive interaction. The effect of pressure on the stability, ordering and phase 
transition properties is analysed and found to bc in accordance with experimental obscrvations. It is 
found that the short-range orientational order has strong influence on the phase transition propcrtics 
and the numerical results are in better agreement with experiments as compared to mean-field results. 

Keywords: Nematic, isotropic transition. 

1. INTRODUCTION 

The nematic phase is characterized by long-range orientational order, i.e. the 
molecules, on average, tend to align with their long-axes parallel to each other 
along a preferred direction. It is convenient to describe this order in terms of a 
long-range orientational order parameter which is non-zero in the less symmetric 
(nematic) phase and vanishes in the more symmetric (high-temperature isotropic) 
phase. Although in the isotropic phase long-range orientational order is absent, 
the molecular orientations still show correlations, which is of short-range. The 
existence of short-range orientational order is demonstrated by a number of pre- 
transitional phenomenal observed in the isotropic phase just above the transition 
temperature, e.g. scattering of light and magnetically induced birefringence. These 
phenomena are related to the finiteness of correlation length, defined as the distance 
(usually a few intermolecular distances) over which the molecular orientations are 
still correlated. In a molecular statistical approach using mean-field (MF) approx- 
imation the short-range correlations are neglected. The purpose of this paper is to 
investigate to what extent the inclusion of short-range order changes the properties 
of nematic-isotropic (NI) transition as compared to mean-field results. 

we have developed a statistical mechanical pertur- In previous 
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362 S. SINGH, T. K. LAHIRI and K. SINGH 

bation theory using MF approximation to describe the equilibrium properties of 
nematic liquid crystals. Basic to this theory is the recognition that the predominant 
factor in determining the mesophase stability is geometric. Thermodynamic prop- 
erties were calculated for a model system composed of molecules interacting via a 
pair potential having both repulsive and attractive parts. The repulsive interaction 
was between hard ellipsoids of revolution. The attractive potential, a function of 
only the centre of mass distance and the relative orientation between two molecules, 
was approximated by the interaction arising from the dispersion’-and quadrupole4- 
interactions between two asymmetric molecules. The relative influence of length 
to width ratio ( x )  of molecular hard core and the anisotropy in their correlation 
function on the nematic-isotropic transition properties were investigated. It was 
found that the effect of spatial and orientational pair correlations on the thermo- 
dynamic properties are quite large and the properties are extremely sensitive to 
the values of molecular parameters. However, the discontinuities in the order 
parameter, density and entropy at the nematic-isotropic transition were found to 
be too large. Probably one of the main short comings of the t h e ~ r y ~ . ~  is the use of 
molecular field-approximation in treating the orientational coordinates. The MF 
treatment assumes a one-particle orientational distribution function for the mo- 
lecular orientations and neglects the short-range orientational correlations. This 
suggests that the inclusion of short-range correlations in the theory might improve 
the quantitative agreement of theoretical results with experimental data. 

The effect of short-range orientational order on the nematic-isotropic transition 
was investigated by several authors5-’ for a model system having only attractive 
part of the potential. A similar study was performed by Ypma and VertogenH using 
a two-site cluster (TSC) variation method9J0 by incorporating both intermolecular 
repulsions and attractions in their model. 

In this paper, TSC approximation has been applied to the orientational molecular 
coordinates to include the short-range orientational correlations in our earlier theory2 
(referred to as I ) .  The same type of investigation as that of I has been extended 
to analyse the influence of short-range orientational order on the thermodynamic 
and orientational behaviour of nematogens close to nematic-isotropic phase tran- 
sition. In the following section, a brief outline of theory and the working equations 
are summarized. The results and discussions are given in Sec. 3. 

2. THEORY AND WORKING EQUATIONS 

We consider a system composed of N nematogenic molecules of axial symmetry 
contained in a volume V at temperature T interacting through a potential function 
given by 

where the vector X j [ -  (T i ,  a,)] represents both the location ri of the centre of mass 
of the ith molecule and its relative orientation Ri described by Euler’s angles 4, 
4i and I,$* U,(Xj, Xi) represents the reference potential which is described by the 
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363 SHORT-RANGE ORDER ON N-I TRANSITION 

repulsion between the hard ellipsoids of revolution, and satisfies the relation 

The perturbation potential Up(Xl, X,) contains the more smoothly varying long- 
range attractive part. We adopt following form for the attractive interaction, 

UJXl, X2) = Uff(r12, a1, a,) 

(3) 
- rG6 (ci + c,P2(2, * Z 2 ) ) ,  for r12 > D(PI2, a,,) 

for r12 =s D ( i 1 2 ,  a 1 2 1  = {o, 
D(f12, Q12) is the distance of closest approach of two molecules with relative 
orientation a12. PI, is a unit vector along the intermolecular axis. ci and cff are 
constants related to the isotropic and anisotropic dispersion interactions and &1 and 
g 2  are unit vectors along the symmetry axes of two interacting molecules. We take 
following the form" for D(i I2 ,  a12), 

(4) 
do = 2b. Following the statistical mechanical machinery as outlined in I ,  we write 
the perturbation series for the Helmholtz free-energy as 

where A(O) is the contribution of reference system and A(') represents the pertur- 
bation term described by the attractive potential, t denotes the order of pertur- 
bation. 

In I the orientational coordinates were treated in the MF approximation and it 
was derived that the Helmholtz free-energy (up to the first-order perturbation 
term) of the model system (1) can be written as 

where p = llkT and Bo is the orientation independent contribution, 

and Aorient refers to the orientational free energy, 

f(0) is the one-particle orientational distribution function, P2 the second Legendre 
polynomial long-range order parameter and v( = puo, uo is molecular volume) the 
packing fraction. The angular bracket (---) denotes the ensemble average over the 
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364 S. SINGH, T. K.  LAHIRI and K. SINGH 

N-1 particles of the system. The term B, is defined as 

The one-particle orientational distribution function was 
tently by minimizing the free-energy, 

determined self-consis- 

(10) 

In the above equations, 

5 25 [ 1"4 56 528 
1 

F2(x)  = $(I - /y2)--1'2 1 + -$ + - f  + -xX" + . . . 

Z6(q )  = 0.333334 + 0.42991111 + 0.241818$ 

+ 0 . 0 1 7 5 7 3 ~ ~  + 0.090841114 - 0.0171067115 (10f) 
x = (x' - 1)/(x2 + 1) 

c' = c,/uo2, c,* = c,/uo2 

(10d 

(10h) 
A,,, A ,  and A4 are constants which are tabulated in I as a function of x. 

In the MF approximation used in Z the molecular orientation is expressed in 
terms of the one-particle orientational distribution function and the short-range 
orientational correlation is neglected. In order to account for nearest-neighbour 
correlations between molecular orientations, at least a two-particle orientational 
distribution function is required. The TSC approximation provides a two-particle 
orientational distribution function of the form, 

where y denotes the number of nearest neighbors of a molecule. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

4:
22

 1
8 

Fe
br

ua
ry

 2
01

3 



SHORT-RANGE ORDER ON N-I TRANSITION 365 

The orientational free-energy of the model system (1) in the TSC approximation 
is obtained as, 

1 
N 2 (12) -- - -- y In zI2 + ( y  - 1)ln z1 PAorient 

where 

In the above expressions s is a variational parameter to be determined self-con- 
sistently by minimizing the free-energy. The result is 

Here the thermal averages (---)Z12 and (---)*, must be evaluated, respectively, with 
two- and one-particle distribution functions. 

The total Helmholtz free-energy per particle in the TSC approximation is given 
by 

(15) 
1 

N 2 = B,(q, T )  - - y In z12 + ( y  - 1)ln z1 pA 

All the other thermodynamic quantities such as pressure, chemical potential and 
entropy can readily be derived from Equation (15). In these expressions there 
appears a term (P2(E1 * C 2 ) ) r 1 2  which measures the nearest neighbors correlation 
between molecular orientations. This quantity is defined as short-range orienta- 
tional order parameter, 

6 = (P2(%. 22Nz,* (16) 
The main difference between the TSC and MF approximations turns in the value 
of Cr in the isotropic phase in which the long-range orientational order parameter 
vanishes but 6 still remains finite. The short-range orientational order which is 
largest for a small number of nearest neighbors enables one to calculate the pre- 
transitional effects in the isotropic phase.9 

The nematic-isotropic (NI) transition is located by equating the pressures and 
chemical potentials of the two phases 

Pnern(q7 TNI ,  PZNII 6 N I )  = Piso(Vi9 TNI, UJ 
Pnern(7, TNI, PzNI? *NI> = Piso(qi, T N I ,  

(17) 

(18) 
Keeping the pressure fixed, we get equations involving unknowns q, qi, TNI, P2NI, 
CrNI and Cri. In principle, these unknown parameters can be determined by solving 
simultaneously Equations (loa), (16), (17) and (18). But, in practice, these equa- 
tions are too complex to be solved analytically. We solve then numerically by an 
iterative procedure. 

3. RESULTS AND DISCUSSIONS 

We have investigated the influence of short-range orientational order (6) , inter- 
action parameters (ci and c,) and the length-width ratio x on the thermodynamic 
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366 S. SINGH, T. K. LAHIRI and K. SINGH 

and orientational behavior of nematogens close to the nematic-isotropic phase 
transition. Figure 1 shows the transition temperature as a function of isotropic 
attraction ci for a fixed c,. The curves are drawn for several numbers of nearest 
neighbors y. The transition temperatures, for fixed ci and c,, are plotted as functions 
of y in Figure 2. In Table I number of transition properties, at the atmospheric 
pressure ($uolk = 1.69 K), are compared with the results obtained for several 
numbers of nearest neighbors and the MF result.* The variation of density, relative 
density change, long-range and short-range order parameters, at the NI transition 
are shown in Figure 3 as a function of y. The parameter r listed in Table I measures 
the relative sensitivity of the long-range order parameter to the volume change (at 
constant temperature) and the temperature change (at constant volume) and is 
defined as 

The pressure dependence of the transition temperature (dTldp) is determined by 
Clausius-Clapeyron’s law. 

I 1 I I I 
2500 3000 3500 4000 1500 5000 

Ci”/k(K) - 
FIGURE 1 The variation of nematic-isotropic transition temperature T,,, at fixed c,/c, = 10, as a 
function of c:lk for several numbers of nearest neighbors y. The number on the curves indicates the 
value of y and the number in small brackets indicates the value of n. 
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SHORT-RANGE ORDER ON N-I TRANSITION 367 

375 

3 5 0  

325 

TABLE I 
The NI transition parameters for x = 2.0 as predicted by the TSC approximation for various numbers 
of nearest neighbors y, and by the MF approximation P,,, is the long-range order parameter, fiNI the 
short-range order parameter, 7 the nematic packing fraction,  AT/^ the relative density change, AWNK 

the transition entropy and r is defined in Equation (19) 

- ___- - -  2500 (10) _- - - 
- 

~ - -lo@ (20) 
/ . 

0 
0 

/ 

- 
2500 (20) 

- 

p=l  bar 

2500 K 10 4 361.3 0.412 0.494 0.484 0.061 0.652 344.5 2.30 

6 367.8 0.443 0.409 0.464 0.094 0.905 412.9 2.24 

8 368.9 0.455 0.373 0.457 0.110 1.017 443.3 2.22 

12 369.7 0.467 0.339 0.451 0.126 1.127 473.6 2.19 

MF 700.5 0.747 - 0.476 0 . m  3.964 393.2 2.26 
(Fief.2) 

3000 K M 4 400.0 0.417 0.492 0.502 0.045 0.563 2eO.4 2.46 

6 409.7 0.450 0.407 0.483 0.067 0.757 332.0 2.40 

8 412.5 0.463 0.371 0.476 0.078 0.841 354.4 2.37 

12 415.0 0.477 0.337 0.469 0.089 0.923 376.8 2.35 

MF 768.0 0.684 - 0.481 0.163 2.604 259.6 2.41 
( R f . 2 )  

1 7 5  

FIGURE 2 The variation of transition temperature r,,, fixed c:lk and c,/c,, as a function of numbers 
of nearest neighbors y. The number on the curves indicates the value of c: /k  and the number in small 
brackets indicates the value of c,/c,. The dashed and solid line curves are, respectively, for x = 1.5 
and 2. 
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368 S. SINGH. T. K. LAHIRI and K. SINGH 

F 

0.5 - 

e 

IL” 

c 
c \ 2b 4 

b‘ 
0.4 - 

- 0.020 

0.3. 
L 5 6 7 8 9 1 0 1 1 1 2  

0.5 - 

e 

IL” 

2b 
b‘ 
0.4 - 

0.3 - 

c 
c 
4 

\ 

- 0.020 

L 5 6 7 8 9 1 0 1 1 1 2  

GURE 3 The variation of packing fraction 77, long-range order parameter P,,,, short-range or er 
parameter a,,, and relative density change A717 at the nematic-isotropic transition as a function of 
numbers of nearest neighbors y for the parameters x = 1.5, c f / k  = 4000 K and c,/c, = 10. 

From the Figures 1-3 and Table I we observe that the short-range orientational 
order reduces the transition temperature appreciably in comparison with the MF 
results. The discontinuities in the long-range order parameter, the density and the 
entropy at the transition decrease by the inclusion of short-range orientational 
correlation in the calculation. The transition is strongly influenced by the number 
of nearest neighbors y. As y increases the phase transition shifts to higher tem- 
perature, lower density with increasing discontinuities in long-range order param- 
eter, density and entropy. The value of short-range order parameter decreases with 
y but the parameter l‘ remains almost unaffected. 

We have studied the variation of transition properties with the strengths of 
potential parameters ci and c, for the several values of x .  As physically expected 
we find that for a given y with increasing x the phase transition is shifted to higher 
temperature, lower density, higher entropy and density changes and jump of the 
order parameters. Further, the calculation shows that the interaction parameters 
have strong influence on the transition properties. We find that the relative density 
change decreases as the ratio CJC, increases (i.e. c, decreases) for a given value of 
ci. Though the packing fraction TJ increases with CJC, the increase is very slow. For 
ci/c, > 20, it is observed that the transition properties are not very sensitive to the 
ratio ci/c,.  For a given ratio CJC, as c, increases the transition temperature increases 
whereas the order parameters and the discontinuities in the density and entropy 
decrease. 

Figure 4 shows the temperature dependence of the order parameters p2 and 0 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

4:
22

 1
8 

Fe
br

ua
ry

 2
01

3 



SHORT-RANGE ORDER ON N-I TRANSITION 369 

0.3 1 
3 

0.95 0.96 0.97 0.98 0.99 1.0 1.1 

FIGURE 4 The temperature variation of order parameters p2 and 0 at constant pressure ( p  = 1 bar) 
as obtained here (TSC approximation, y = 4) and in I (MF approximation). The experimental points 
are the observed values of Rowell et al.” (0 PAA, 0 PAP), Pines and Changt3 (. PAA, 0 PAP) and 
de Jeu and Claassen14 (A PAA, A PAP). 

at constant pressure ( p  = 1 bar). The experimental  value^^*-^^ of P2 for the first 
two members of the homologous series of di-alkoxyazoxy benzenes (PAA and 
PAP) are also given. The theoretical TSC curve corresponds to x = 1.5, y = 4, 
cT/k = 4135.5 and ci/c, = 10. The MF result (x = 1.5, crlk = 3472.47 and c,/c, 
= 8) is also plotted. For these curves c: lk is chosen so as to reproduce the transition 
temperature T = 409 K. It can be seen that the agreement between the TSC result 
and the experimental data for PAA is quite satisfactory as compared to the MF 
results. The main difference between TSC and MF results is clearly seen in the 
isotropic phase where P ,  vanishes but (T is still non-zero. 

Next, we have carried out model calculations based on the experimental data 
for p-azoxyanisole (PAA). The criterion adopted in this calculation is to select the 
potential parameters so as to reproduce quantitatively TNI = 409 K which is the 
experimental value for PAA. For x = 2.0 the results are given in Table I1 together 
with the experimentaP values. It may be seen from the Table I1 that as the number 
of nearest neighbors increases the values of packing fraction, short-range order 
parameter and the parameter r decrease whereas density and entropy disconti- 
nuities, long-range order parameter and (dT,,/dp) are increased. The TSC results 
are closer to the experimental data as compared to the MF results. The calculated 
values corresponding to y = 4 are relatively in better agreement with the exper- 
imental values. It can further be seen that the agreement between theory and 
experiment is getting worse with increasing number of nearest neighbors. 

We have studied the pressure dependence of the thermodynamic parameters for 
the NI transition. The transition parameters are determined from Equations (17) 
and (18) at various constant values of pressure ranging from 1 bar to 600 bar. The 
detailed results are not given here. Figure 5 shows the transition temperature with 
pressure for the various numbers of nearest neighbors. Experimental valuesI5 for 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

4:
22

 1
8 

Fe
br

ua
ry

 2
01

3 



370 S. SINGH, T. K.  LAHIRI and K. SINGH 

TABLE I1 
A comparison of NI transition parameters in p-azoxyanisole (PAA) and in the TSC and 

MF approximations. The potential parameters are chosen so as to reproduce the 
transition temperature TNI = 409 K 

16 TSC Approximat ion MF Appro- E x o t l .  J u a n t i t y  
,2 x imat ion  PAA y‘= 4 6 8 

X 

ci*/k 

TN I 

Ci/Ca  

Q 
@ 4 jq. - 
‘2NI 

VNI &x /Nk 

- 

dTNI 
( r ) p = l  bar 

2.0 2.0 2.0 2.0 

2830 ( K )  2784 2772 2768 

283 ( K )  278 277 276 

409 (K) 409 40 9 40 9 

0.484 0.465 0.457 0.451 

0.061 0.093 0.110 0.125 

0.411 0.442 0.455 0.466 

0.495 0.410 0.373 0.339 

0.651 0.901 1,017 1.124 

2.0 N 2.7 

2663 

266 

40 9 40 9 

0.476 0.62 

0.306 0.0035 

0.746 0.40 
- 

3.946 0.218 

344.3 411.4 443.0 472.5 391.3 43.0 

r(TNI) 2.30 2.24 2.22 2.19 2.26 -’ 4.0 

350 
0 100 200 300 400 500 a 

P(bor 1 - 0 

FIGURE 5 The variation of transition temperature with pressure for several numbers of nearest 
neighbors y. x = 2.0 and c:/k = 3000 K. The dashed and solid line curves are, respectively for c,/c, 
= 10 and 20. 
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SHORT-RANGE ORDER O N  N-I TRANSITION 371 

PAA are also given. Several general trends are evident about the variation of NI 
transition properties with pressure: 

(i) The range of nematic phase is considerably large at constant density as com- 
pared to its stability range at  constant pressure which is in agreement with exper- 
iments. 

(ii) For a given x and interaction parameters as pressure increases the phase 
transition shifts to higher temperature and both the fractional volume change Au */ 
u * and transition volume u * decrease. A decrease in the values of transition entropy 
and (dT,,/dp) is found whereas the parameter r increases slightly. 

(iii) At a given pressure with the decreasing values of the interaction strength 
ratio c,/cir and fixed ci, the values of transition temperature, transition volume, 
fractional volume change, transition entropy, order parameters and (dT,,/dp) de- 
crease and the parameter r increases. 

(iv) For a given x ,  interaction parameters and pressure as the numbers of nearest 
neighbors increases the values of transition temperature, transition volume, fraction 
volume change, long-range order parameter, entropy change, (dT,,/dp) increase 
whereas the short-range order parameter and r decrease. 

In conclusion, our calculation demonstrates that the short-range orientational 
order has strong influence on the nematic-isotropic transition properties and that 
its inclusion in the molecular theory predicts the thermodynamic and orientational 
properties of nematic liquid crystals close to nematic-isotropic transition which are 
in better agreement with experiments as compared to the mean-field results. 
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